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Abstract



PERFORMANCE ANALYSIS
OF A
HARTMANN WAVEFRONT SENSOR
USED FOR SENSING
ATMOSPHERIC TURBULENCE STATISTICS

1. Introduction

1.1 Background
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1.2 Atmospheric Turbulence
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1.3 Hartman Wavefront Sensor as Turbulence Monitor
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1.4 Problem Description and Scope

1.5 Organization






II. Slope Correlation Function and Slope Structure Function (SSF)

2.1 Zernike Polynomials
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2.2 Zernike Ezxpansion Coefficient Spatial Covariance for Turbulence Induced Phase

D D R
zy
U u u
00 U T
(o)
¢ Rp ajZj p
=1
(o)
gbRﬁ' 0 Qg ’lZZjl ﬁ’
j'=1
¢ ¢
(0.0)
aj ¢ Rp Z; pW g p,
— 00
(o)
aj i pRp  ud Zpp Wpop
—0oQ
W p
oo (o)
£ ajal @ i P& QREGRE @ ZipZip WEWR,
—00 —00

E{-}



»

'R
aD
Y
A
R
) |y,
PR
R D/
@D
xy ZB,y’
@ |l D 6,

Ty



E aja;f, q

Qj k,0

Po

—i 2m2uk cos(6—0o) s k/R Qj k.6 Q;‘, k,0 .

2
Ch =z



fijt w, 0o, ko

1 =
mn /g
(ntn'=m+m’)/ m m 90 m+m' n+1,n'+1 U,,ko

’ !
(n+n'+2m+|m—m'[)/2 m —m' 0y I\m—m’\,n—l—l,n’—l—l u, ko

I Y
mw /BT
(ntn'=m+m’)/ m m 90 m+m' n+1,n'+1 U,,k()

’ !
(n+n'+2m+|m-—m'[)/2 m —m' 0y I\m—m’\,n—l—l,n’—l—l u, ko

m,n' / j J'
(n+n’'—m+m')/2

m m/ 00 m~+m/,n+1,n'+1 U,,k()
(n+n'+2m+|m—m’|)/2

/
m—m' 0o Ijy_pm | nrip1 s ko

m,n' / j 7'
(n+n’'—m+m')/2

!
m m' Oy Im+m’,n+1,n’+1 u, ko

(n+n'+2m+|m—m’|)/2 ’

/
m—m' 6y T Dy mnrins1r ko

ml

— 2
(ntn’—m)/ \/_ mby 1, m,n-+1,n'+1 u, ko

m !

J
- (n—l—n’—m)/Z\/_ mby w Im,n-l—l,n’—l—l u, ko

m
n+n7 /2\/_ mby I, m,n+1,n'+1 u, ko
m l
- n+n7 /2\/_ m by w Im,n—l—l,n’—i—l u, ko
'
m m

(ntn')

2
/ IO,n—I—l,n’—i—l u, ko

© =], ax Jpzr Jy x

x
2 ’
0 22 202 7

Lc,u,ll a, Xo



Ly

C1
Jex Jyx J,x

5 ajaj/

2.3 Slope Correlation Function and Slope Structure Function Fuvaluation
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!Evaluating Eqn. (2.21) is computational expensive and ultimately limits which problems can realisti-
cally be solved. Reference [15] presents a closed form solution for Eqn. (2.21), where @ > 2, consisting of
infinite sums of hypergeometric functions of type 4F3. They also state it is easier to numerically integrate
Eqn. (2.21) than to use the closed form. This author has explored both approaches and agrees.
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1. SSF Estimator Signal-to-Noise Ratio

3.1 H-WFS Specification
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3.2 Slope Measurement Model

3.8  Slope Measurement Correlation
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3.6  Second Moment of SSF Estimator
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3.7 Final SSF Estimator SNR Expression
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1V. SSF Estimator SNR Numerical Results

4.1 SSF Estimator SNR Numerical Results for the DIMM Geometry
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4.2 SSF Estimator SNR Numerical Results for non-DIMM Geometry

St

(o]



12 14 16 18 20 22 24 26
N x N

10

0.0
0.2
—-:-03
0.4
0.5

o]
+

- =01

Oul s

14
12}
10

sl

s

o0

Lo/D

05

0.4

03

2

0.1

14

al s

;

LO/D o0



V. Results, Conclusions and Recommendations

5.1  Summary of Theoretical Development

Po

5.2 Summary of Numerical Results



5.8  Recommendation for Future Research

! This simulation should include a phase screen generator capable of including outer scale, power law, and
temporal effects. This author has developed and tested a phase screen generator, with all these capabilities,
based on Eqn. (2.18).



Appendiz A. Zernike Expansion Coefficient Covariance Plots
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Appendiz B. Zernike Ezpansion Coefficient Covariance Tables
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Appendiz C. SSF Estimator Second Moment Simplification

This Mathematica code helps determine the second moment for the
slope structure function estimator.

x2-x1=p
x4-x3=p

casel: x1=x3 and x2=x4 and delta_time=0

case2: x2=x3 and delta_time=0

cased: x4=x1 and delta_time=0

cased4: x1,x2,x3,and x4 are four unique location (no overlap)

Toby D. Reeves, July-Sept 1996
*)

Define the Expected Value Operator
*)

EV[a_+b_]:=EV[a]+EV[b]
EV[a_Integer b_]:=a EV[b]

Define a Wrapper zmgrv[ ] for Zero Mean Gaussian Random Variable,
then define rules that apply to zmgrv.

*)

Format [zmgrv[x_]1]:=x

EV[ul_zmgrv u2_zmgrv u3_zmgrv u4_zmgrv]:
EV[ul u2] EV[u3 u4] +
EV[ul u3] EV[u2 u4] +
EV[ul u4] EV[u2 u3]
)

EV[ul_zmgrv ul_zmgrv u3_zmgrv u4_zmgrv]:
EV[ul u2] EV[u3 u4] +

]
~

]
~



EV[ul u3] EV[u2 u4] +
EV[ul u4] EV[u2 u3]
)/ .u2->ul
EV[ul_zmgrv ul_zmgrv u3_zmgrv u3_zmgrv]:
EV[ul u2] EV[u3 u4] +
EV[ul u3] EV[u2 u4] +
EV[ul u4] EV[u2 u3]
)/ .{u2->ul,u4->u3}
EV[ul_zmgrv ul_zmgrv ul_zmgrv ué4_zmgrv]:
EV[ul u2] EV[u3 u4] +
EV[ul u3] EV[u2 u4] +
EV[ul u4] EV[u2 u3]
)/ .{u2->ul,u3->ul}
EV[ul_zmgrv ul_zmgrv ul_zmgrv ul_zmgrv]:
EV[ul u2] EV[u3 u4] +
EV[ul u3] EV[u2 u4] +
EV[ul u4] EV[u2 u3]
)/ .{u2->ul,u3->ul,ud->ul}

]
~

]
~

]
~

Properties of the Noise

*)

noiseRules= {
EV[zmgrv[nla_]] zmgrv[n[a_l1]11->sig~2,
EV[zmgrv[n[a_]] zmgrv[n[b_1]]1->0,
EV[zmgrv[n[a_]11]1->0,
EV[zmgrv[n[a_]] zmgrv[s[x_1]11->0

s

(ke ———————————————————————————————————————————————
Apply these rules to my problem of calculating the expectation
within the Second Moment formula

*)

fi= (a-b)"2 (c-d)"2 /.
{a->zmgrv[s[x1]]+zmgrv[n[x1]],
b->zmgrv[s[x2]]+zmgrv[n[x2]],
c->zmgrv[s[x3]]+zmgrv[n[x3]],
d->zmgrv[s[x4]]+zmgrv[n[x4]]
¥

BigMess=EV[Expand[f1]];

convertRule={
EV[zmgrv[s[x_]1]"2] ->G[0],

EV[zmgrv[s[x1]] zmgrv[s[x2]]] ->G[x2-x1],
EV[zmgrv[s[x3]] zmgrv[s[x4]1]] ->G[x4-x3],

EV[zmgrv[s[x1]] zmgrv[s[x3]1]] ->G[x3-x1],



EV[zmgrv[s[x2]] zmgrv[s[x4]1]] ->G[x4-x2],

EV[zmgrv[s[x1]] zmgrv[s[x4]1]] ->G[x4-x1],
EV[zmgrv[s[x2]] zmgrv[s[x3]1]] ->G[x3-x2]
s

(* apply geometry and noiseRules for each case *)
caselRule={x1->x3,x2->x4};
casela=(BigMess/.caselRule)/.noiseRules;

case2Rule={x2->x3%};
case2a=(BigMess/.case2Rule)/.noiseRules;

case3Rule={x1->x4};
case3a=(BigMess/.case3Rule)/.noiseRules;

case4Rule={};
cased4a=(BigMess/.cased4Rule)/.noiseRules;

(* write in Gamma notation *)
caselb=casela/.convertRule;
case2b=case2a/.convertRule;
case3b=case3a/.convertRule;
casedb=caseda/.convertRule;

(* use geometry to simplify more *)
geoRule={x2-x1->p,x4-x3->p,x4-x2->x3-x1} (*valid all casesx)
caselc=ExpandAll [caselb/.geoRule];
case2c=ExpandAll[(case2b/.geoRule)/.{x3-x1->p,x4-x1->2p}];
case3c=ExpandAll[(case3b/.geoRule)/.{x3-x1->-p,x3-x2->-2p}];
cased4c=ExpandAll [casedb/.geoRule] ;

(* We know that for our case G[pl=G[-p] *)
g=case3c
case3c=case3c/.{-2p -> 2p, -p -> p};

Drum roll please!!
*)
sout=0OpenWrite["sfbn.txt" ,FormatType->0utputForm,PageWidth->75]

Write[sout,"BigMess= ",ExpandAll[BigMess]]

Write[sout,'"casela= ",casela]
Write[sout,'"case2a= ",case2a]



Writel[sout,'"case3a= ", case3al
Write[sout,'"caseda= ",caseda]

Write[sout,'"caselb= ",caselb]
Write[sout,'"case2b= ",case2b]
Write[sout,'"case3b= ",case3b]
Write[sout,'"casedb= ",case4db]

Write[sout,'"caselc= ",caselc]
Write[sout,'"case2c= ",case2c]
Writel[sout,'"case3c= ",case3c]
Write[sout,'"casedc= ",case4dc]

Close[sout]

2
BigMess= 2 EV[n[x1] n[x3]] - 4 EV[n[x1] n[x3]] EV[n[x2] n[x3]] +

2 2 2
> 2 EV[n[x2] n[x3]] + EV[n[x1] ] EV[n[x3] ] -

2 2 2
> 2 EVin[x1] n[x2]] EV[n[x3] ] + EV[n[x2] ] EV[n[x3] ] -

> 4 EV[n[x1] n[x3]] EV[n[x1] n[x4]] +

2
> 4 EV[n[x2] n[x3]] EV[n[x1] n[x4]1] + 2 EV[n[x1] n[x4]] +

> 4 EV[n[x1] n[x3]] EV[n[x2] n[x4]]

> 4 EV[n[x2] n[x3]] EV[n[x2] n[x4]]

2
> 4 EV[n[x1] n[x4]] EV[n[x2] n[x4]1] + 2 EV[n[x2] n[x4]] -

2
> 2 EV[n[x1] ] EV[n[x3] n[x4]] + 4 EV[n[x1] n[x2]] EV[n[x3] n[x4]] -

2 2 2
> 2 EV[n[x2] ] EV[n[x3] n[x4]] + EV[n[x1] ] EV[n[x4] 1 -

2 2 2
> 2 EV[n[x1] n[x2]] EV[n[x4] ] + EV[n[x2] ] EV[n[x4] ] +

2



2 EV[n[x3] ] EVIn[x1] s[x1]] - 4 EV[n[x3] n[x4]] EV[n[x1] s[x1]1] +

2 2
2 EV[n[x4] ] EV[n[x1] s[x1]] - 2 EV[n[x3] ] EV[n[x2] s[x1]] +

2
2 EV[n[x4] ] EV[n[x2] s[x1]] +

4 EV[n[x3] n[x4]] EV[n[x2] s[x1]]

4 EV[n[x1] n[x3]] EV[n[x3] s[x1]1] -

4 EV[n[x2] n[x3]] EV[n[x3] s[x1]1] -

4 EV[n[x1] n[x4]] EV[n[x3] s[x1]] +

4 EV[n[x2] n[x4]] EV[n[x3] s[x1]] + 2 EV[n[x3] s[xl]]2 -
4 EV[n[x1] n[x3]] EV[n[x4] s[x1]] +
4 EV[n[x2] n[x3]] EV[n[x4] s[x1]] +
4 EV[n[x1] n[x4]1] EV[n[x4] s[x1]] -
4 EV[n[x2] n[x4]1] EV[n[x4] s[x11] -
2

4 EV[n[x3] s[x1]] EV[n[x4] s[x1]]

+

2 EV[n([x4] s[x1]] +

2 2 2
EV[n[x3] ] EV[s[x1] 1 - 2 EV[n[x3] n[x4]] EV[s[x1] 1 +

2 2 2
EV[n[x4] ] EV[s[x1] ] - 2 EV[n[x3] ] EV[n[x1] s[x2]] +

2
4 EV[n[x3] n[x4]] EVIn[x1] s[x2]] - 2 EV[n[x4] ] EV[n[x1] s[x2]] +

2
2 EV[n[x3] ] EV[n[x2] s[x2]] - 4 EV[n[x3] n[x4]] EV[n[x2] s[x2]] +

2
2 EV[n[x4] ] EVIn[x2] s[x2]] - 4 EV[n[x1] n[x3]] EV[n[x3] s[x2]] +

4 EV[n[x2] n[x3]] EV[n[x3] s[x2]] +



EVIn[x1] n[x4]] EV[n[x3] s[x2]1] -

EVIn[x2] n[x4]] EV[n[x3] s[x2]1] -

EV[n[x3] s[x1]] EV[n[x3] s[x2]] +

2

EVIn[x4] s[x1]] EV[n[x3] s[x2]] 2 EV[n[x3] s[x2]] +

+

EVin[x1] n[x3]] EV[n[x4] s[x2]] -

EV[n[x2] n[x3]] EV[n[x4] s[x2]] -

EV[n[x1] n[x4]] EV[n[x4] s[x2]] +

EV[n[x2] n[x4]] EV[n[x4] s[x2]] +

EV[n[x3] s[x1]] EV[n[x4] s[x2]] -

EV[n[x4] s[x1]] EV[n[x4] s[x2]] -

2

EV[n[x3] s[x2]] EV[n[x4] s[x2]] 2 EV[n[x4] s[x2]] -

+

2
EVIn[x3] ] EV[s[x1] s[x2]] + 4 EV[n[x3] n[x4]] EV[s[x1] s[x2]] -

2 2 2
EV[n[x4] ] EV[s[x1] s[x2]] + EV[n[x3] 1 EV[s[x2] 1 -

2 2 2
EVIn[x3] n[x4]] EV[s[x2] ] + EV[n[x4] ] EV[s[x2] ] +

EV[n[x1] n[x3]] EV[n[x1] s[x3]1] -

EV[n[x2] n[x3]] EV[n[x1] s[x3]] -

EVIn[x1] n[x4]] EVIn[x1] s[x3]1]1 +

EV[n[x2] n[x4]] EVIn[x1] s[x3]1]1 +

EVIn[x3] s[x1]] EVIn[x1] s[x31]1 -

EVIn[x4] s[x1]] EVIn[x1] s[x31]1 -



EV[n[x3] s[x2]] EVIn[x1] s[x3]1]1 +

EVIn[x4] s[x2]] EV[n[x1] s[x3]]

+

EVin[x1] n[x3]] EV[n[x2] s[x3]] +

EVIn[x2] n[x3]] EV[n[x2] s[x3]] +

EVin[x1] n[x4]] EV[n[x2] s[x3]] -

EVIn[x2] n[x4]] EV[n[x2] s[x31] -

EV[n[x3] s[x1]] EVIn[x2] s[x3]1]1 +

EVIn[x4] s[x1]] EVIn[x2] s[x3]1]1 +

EVIn[x3] s[x2]] EV[n[x2] s[x31]1 -

EVIn[x4] s[x2]] EV[n[x2] s[x31]1 -

EVin[x1] s[x3]] EVIn[x2] s[x3]1]

+

2
EVin[x1] ] EV[n[x3] s[x3]] - 4 EV[n[x1] n[x2]]

2
EV[n[x2] ] EV[n[x3] s[x3]] + 4 EV[n[x1] s[x1]]

2
EVIn[x2] s[x1]] EV[n[x3] s[x3]] + 2 EV[s[x1] ]

EVIn[x1] s[x2]] EV[n[x3] s[x3]1] +

EVIn[x2] s[x2]] EV[n[x3] s[x31] -

2
EV[s[x1] s[x2]] EV[n[x3] s[x3]] + 2 EV[s[x2] ]

2
EVIn[x1] ] EV[n[x4] s[x3]] + 4 EV[n[x1] n[x2]]

2
EVIn[x2] ] EV[n[x4] s[x3]] - 4 EV[n[x1] s[x1]]

2

2 EV[n[x1] s[x3]] -

2

2 EV[n([x2] s[x3]] +

EV[n[x3]

EV[n[x3]

EV[n[x3]

EV[n[x3]

EV[n[x4]

EV[n[x4]

s [x3]]

s [x3]1]

s [x3]]

s [x3]]

s [x3]1]

s [x3]]



2
2 EV[s[x1] ] EV[n[x4] s[x3]] +

EV[n[x2] s[x1]] EV[n[x4] s[x3]1]

EVin[x1] s[x2]] EV[n[x4] s[x31]1 -

EV[n[x2] s[x2]] EV[n[x4] s[x3]1]1 +

2
2 EV[s[x2] ] EV[n[x4] s[x3]] +

EV[s[x1] s[x2]] EV[n[x4] s[x3]]

EV[n[x1] n[x3]] EV[s[x1] s[x3]] -

EV[n[x2] n[x3]] EV[s[x1] s[x3]] -

EVIn[x1] n[x4]] EV[s[x1] s[x3]1]1 +

EV[n[x2] n[x4]] EV[s[x1] s[x3]1]1 +

EVIn[x3] s[x1]] EV[s[x1] s[x31]1 -

EVIn[x4] s[x1]] EV[s[x1] s[x31]1 -

EVIn[x3] s[x2]] EV[s[x1] s[x3]] +

EV[n[x4] s[x2]] EV[s[x1] s[x3]] +

EVIn[x1] s[x3]] EV[s[x1] s[x3]] -

2
2 EV[s[x1] s[x3]] -

+

EV[n[x2] s[x3]]1 EV[s[x1] s[x3]1]

EV[n[x1] n[x3]] EV[s[x2] s[x3]] +

EV[n[x2] n[x3]] EV[s[x2] s[x3]] +

EVin[x1] n[x4]] EV[s[x2] s[x3]] -

EVIn[x2] n[x4]] EV[s[x2] s[x3]] -

EVIn[x3] s[x1]] EV[s[x2] s[x3]] +

EVIn[x4] s[x1]] EV[s[x2] s[x3]] +

EVIn[x3] s[x2]] EV[s[x2] s[x3]] -



4 EV[n[x4] s[x2]] EV[s[x2] s[x3]]

4 EV[n[x1] s[x3]] EV[s[x2] s[x3]]

+

4 EV[n[x2] s[x3]] EV[s[x2] s[x3]]

2
4 EV[s[x1] s[x3]] EV[s[x2] s[x3]1] + 2 EV[s[x2] s[x3]] +

2 2 2
EV[n[x1] ] EV[s[x3] ] - 2 EV[n[x1] n[x2]] EV[s[x3] ] +

2 2 2
EV[n[x2] ] EV[s[x3] 1 + 2 EV[n[x1] s[x1]] EV[s[x3] 1 -

2 2 2
2 EV[n[x2] s[x1]] EV[s[x3] 1 + EVI[s[x1] 1 EV[s[x3] 1 -

2 2
2 EV[n[x1] s[x2]] EV[s[x3] ] + 2 EV[n[x2] s[x2]] EV[s[x3] ] -

2 2 2
2 EV[s[x1] s[x2]] EV[s[x3] 1 + EV[s[x2] ] EV[s[x3] ] -

4 EV[n[x1] n[x3]] EV[n[x1] s[x4]] +

4 EV[n[x2] n[x3]] EV[n[x1] s[x4]] +

4 EV[n[x1] n[x4]] EV[n[x1] s[x4]1] -

4 EV[n[x2] n[x4]] EVIn[x1] s[x4]1] -

4 EV[n[x3] s[x1]] EV[n[x1] s[x4]1] +

4 EV[n[x4] s[x1]] EV[n[x1] s[x4]1] +

4 EV[n[x3] s[x2]] EV[n[x1] s[x4]1] -

4 EV[n[x4] s[x2]] EV[n[x1] s[x4]1] -

4 EV[n[x1] s[x3]] EV[n[x1] s[x4]1] +

4 EV[n[x2] s[x3]] EV[n[x1] s[x4]1] -



EV[s[x1] s[x3]] EV[n[x1] s[x4]] +

2

EV[s[x2] s[x3]] EV[n[x1] s[x4]] 2 EV[in[x1] s[x4]] +

+

EVin[x1] n[x3]] EV[n[x2] s[x4]] -

EVIn[x2] n[x3]] EV[n[x2] s[x4]] -

EVin[x1] n[x4]] EV[n[x2] s[x4]] +

EV[n[x2] n[x4]] EV[n[x2] s[x4]] +

EV[n[x3] s[x1]] EV[n[x2] s[x4]] -

EV[n[x4] s[x1]] EV[n[x2] s[x4]] -

EV[n[x3] s[x2]] EV[n[x2] s[x4]] +

EV[n[x4] s[x2]] EV[n[x2] s[x4]] +

EVIn[x1] s[x3]] EV[n[x2] s[x4]] -

EV[n[x2] s[x3]] EV[n[x2] s[x4]] +

EV[s[x1] s[x3]] EV[n[x2] s[x4]] -

EV[s[x2] s[x3]] EV[n[x2] s[x4]] -

2
2 EV[n[x2] s[x4]] -

+

EV[n[x1] s[x4]] EV[n[x2] s[x4]]

2
EV[n[x1] ] EV[n[x3] s[x4]] + 4 EV[n[x1] n[x2]] EV[n[x3] s[x4]1] -

2
EVin[x2] ] EV[n[x3] s[x4]] - 4 EV[n[x1] s[x1]] EV[n[x3] s[x4]] +

2
EV[n[x2] s[x1]] EV[n[x3] s[x4]] - 2 EV[s[x1] ] EV[n[x3] s[x4]] +

EVIn[x1] s[x2]] EV[n[x3] s[x4]1] -

EV[n[x2] s[x2]] EV[n[x3] s[x4]] +



2

EV[s[x1] s[x2]] EV[n[x3] s[x4]] - 2 EV[s[x2] ]

2

EVin[x1] ] EV[n[x4] s[x4]] - 4 EV[n[x1] n[x2]]

2

EVIn[x2] ] EV[n[x4] s[x4]] + 4 EV[n[x1] s[x1]]

EV[n[x2]

EV[n[x1]

EV[n[x2]

EV[s[x1]

EV[n[x1]

EV[n[x2]

EV[n[x1]

EV[n[x2]

EV[n[x3]

EV[n[x4]

EV[n[x3]

EV[n[x4]

EV[n[x1]

EV[n[x2]

EV[s[x1]

EV[s[x2]

EV[n[x1]

s[x1]] EV[n[x4] s[x4]]

s[x2]]

s[x2]]

s[x2]1]

n[x3]]

n[x3]]

n[x4]]

n[x4]]

s[x1]]

s[x1]]

s[x2]]

s[x2]1]

s[x31]

s[x31]

s[x31]

s[x31]

s[x4]]

EV[n[x4]

EV[n[x4]

EV[n[x4]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

EV[s[x1]

s [x4]]

s [x4]]

s[x4]1]

s[x4]1]

s[x4]1]

s [x4]]

s [x4]]

s [x4]]

s [x4]]

s [x4]]

s[x4]1]

s[x4]1]

s[x4]1]

s[x4]1]

s[x4]1]

s[x4]1]

+

+

2
2 EVIs[x1] ]

2
2 EVIs[x2] ]

EV[n[x3]

EV[n[x4]

EV[n[x4]

EV[n[x4]

EV[n[x4]

s [x4]]

s[x4]1]

s [x4]]

s[x4]1]

s[x4]1]

+

+



2

EV[n[x2] s[x4]] EV[s[x1] s[x4]] 2 EV[s[x1] s[x4]] +

+

EVin[x1] n[x3]] EV[s[x2] s[x4]] -

EVIn[x2] n[x3]] EV[s[x2] s[x4]] -

EVin[x1] n[x4]] EV[s[x2] s[x4]] +

EVIn[x2] n[x4]] EV[s[x2] s[x4]] +

EVIn[x3] s[x1]] EV[s[x2] s[x4]1]1 -

EVIn[x4] s[x1]] EV[s[x2] s[x4]]1 -

EV[n[x3] s[x2]] EV[s[x2] s[x4]] +

EV[n[x4] s[x2]] EV[s[x2] s[x4]] +

EVIn[x1] s[x3]] EV[s[x2] s[x4]] -

EV[n[x2] s[x3]] EV[s[x2] s[x4]] +

EV[s[x1] s[x3]] EV[s[x2] s[x4]] -

EV[s[x2] s[x3]] EV[s[x2] s[x4]1] -

EVin[x1] s[x4]] EV[s[x2] s[x4]] +

EVIn[x2] s[x4]] EV[s[x2] s[x4]] -

2

EV[s[x1] s[x4]] EV[s[x2] s[x4]] 2 EV[s[x2] s[x4]] -

+

2
EVIn[x1] ] EV[s[x3] s[x4]] + 4 EV[n[x1] n[x2]] EV[s[x3] s[x4]1] -

2
EVIn[x2] ] EV[s[x3] s[x4]] - 4 EV[n[x1] s[x1]] EV[s[x3] s[x4]] +

2
EV[n[x2] s[x1]] EV[s[x3] s[x4]] - 2 EV[s[x1] ] EV[s[x3] s[x4]] +

EV[n[x1] s[x2]] EV[s[x3] s[x4]] -



> 4 EV[n[x2] s[x2]] EV[s[x3] s[x4]1] +

2
> 4 EV[s[x1] s[x2]] EV[s[x3] s[x4]] - 2 EV[s[x2] ] EV[s[x3] s[x4]1] +

2 2 2
> EV[n[x1] ] EV[s[x4] ] - 2 EV[n[x1] n[x2]] EV[s[x4] ] +

2 2 2
> EV[n[x2] ] EV[s[x4] 1 + 2 EV[n[x1] s[x1]] EV[s[x4] 1 -

2 2 2
> 2 EV[n[x2] s[x1]] EV[s[x4] 1 + EV[s[x1] ] EV[s[x4] 1 -

2 2
> 2 EV[n[x1] s[x2]] EV[s[x4] 1 + 2 EVI[n[x2] s[x2]] EV[s[x4] 1 -

2 2 2
> 2 EV[s([x1] s[x2]] EV[s[x4] 1 + EV[s[x2] ] EV[s[x4] ]
4 2 2 22
casela= 12 sig + 12 sig EV[s[x3] ] + 3 EV[s[x3] 1 -

2 2
> 24 sig EV[s[x3] s[x4]] - 12 EV[s[x3] ] EV[s([x3] s[x4]] +
2 2 2 2 2
> 4 EV[s[x3] s[x4]] + 12 sig EVI[s[x4] 1 + 2 EV[s[x3] ] EV[s[x4] 1 -
2 22
> 12 EV[s[x3] s[x4]] EV[s[x4] ] + 3 EV[s[x4] 1 +
2 2 2
> 4 (2 EV[s[x3] s[x4]] + EV[s[x3] ] EV[s[x4] 1)
4 2 2 2

case2a= 6 sig + 2 sig EV[s[x1] ] - 8 sig EVI[s[x1] s[x3]] +

2 2 2 2 2
> 2 EV[s[x1] s[x3]] + 8 sig EV[s[x3] ] + EV[s[x1] ] EV[s[x3] 1 -

2 22
> 6 EV[s[x1] s[x3]] EV[s[x3] ] + 3 EV[s[x3] 1 +

2 2
> 4 sig EV[s[x1] s[x41] + 2 EV[s[x1] s[x4]1] -



2 2
> 8 sig EV[s[x3] s[x4]] - 6 EV[s[x3] ] EV[s[x3] s[x4]] +

2
> 2 EV[s[x3] s[x4]] - 2 (2 EV[s[x1] s[x3]] EV[s[x1] s[x4]1] +

2
> EV[s[x1] ] EV[s[x3] s[x4]]1) +

2
> 4 (EV[s[x3] 1 EVI[s[x1] s[x4]] + 2 EV[s[x1] s[x3]] EV[s[x3] s[x4]1]1) +

2 2 2 2 2 2
> 2 sig EV[s[x4] 1 + EV[s[x1] ] EV[s[x4] 1 + EV[s[x3] 1 EV[s[x4] 1 -

2
> 2 (2 EV[s[x1] s[x4]] EV[s[x3] s[x4]] + EV[s([x1] s[x3]1] EV[s[x4] 1)
4 2 2 2
case3a= 6 sig + 2 sig EV[s[x2] ] + 4 sig EVI[s[x2] s[x3]] +

2 2 2 2 2
2 EV[s[x2] s[x3]] + 2 sig EV[s[x3] 1 + EV[s[x2] 1 EV[s[x3] ] -

A\

2 2
> 8 sig EVI[s[x2] s[x4]] + 2 EV[s[x2] s[x4]1]1 -

2 2
> 8 sig EV[s[x3] s[x4]] + 2 EV[s[x3] s[x4]] -

2
> 2 (2 EV[s[x2] s[x3]] EV[s[x2] s[x4]] + EV[s[x2] ] EV[s[x3] s[x4]]) -

2
> 2 (EV[s[x3] ] EVIs[x2] s[x4]] + 2 EV[s[x2] s[x3]] EV[s[x3] s[x4]]) +

2 2 2 2 2 2
> 8 sig EV[s[x4] ] + EV[s[x2] ] EV[s[x4] 1 + EV[s[x3] ] EV[s[x4] ] -

2 2
> 6 EV[s[x2] s[x4]] EV[s[x4] 1 - 6 EV[s[x3] s[x4]1] EV[s[x4] 1 +

2 2
> 3 EV[s[x4] 1 + 4 (2 EV[s[x2] s[x4]] EV[s[x3] s[x4]] +

2



> EV[s[x2] s[x3]] EV[s[x4] 1)
4 2 2 2
caseda= 4 sig + 2 sig EVI[s[x1] 1 - 4 sig EVI[s[x1] s[x2]] +

2 2 2 2
> 2 sig EV[s[x2] ] + 2 EV[s[x1] s[x3]] + 2 EV[s[x2] s[x3]] +

2 2 2 2 2 2
> 2 sig EV[s[x3] 1 + EV[s[x1] 1 EV[s[x3] 1 + EV[s[x2] 1 EV[s[x3] 1 -

2
> 2 (2 EVIs[x1] s[x3]1] EVIs[x2] s[x3]] + EV[s[x1] s[x2]] EV[s[x3] 1) +

2 2 2
> 2 EV[s[x1] s[x4]] + 2 EV[s[x2] s[x4]] - 4 sig EV[s[x3] s[x4]] -

2
> 2 (2 EV[s[x1] s[x3]] EV[s[x1] s[x4]] + EVI[s[x1] ] EVI[s[x3] s[x4]]) +

> 4 (EV[s[x2] s[x3]] EV[s[x1] s[x41] +

> EVIs[x1] s[x3]]1 EVIs[x2] s[x4]] + EVI[s[x1] s[x2]] EVI[s[x3] s[x4]11)\
> - 2 (2 EV[s[x2] s[x3]] EV[s[x2] s[x4]] +
2 2 2
> EV[s[x2] ] EV[s[x3] s[x41]1) + 2 sig EV[s[x4] 1 +
2 2 2 2
> EV[s[x1] ] EV[s[x4] ] + EV[s[x2] ] EV[s[x4] ] -
2
> 2 (2 EVIs[x1] s[x4]1]1 EV[s[x2] s[x4]] + EV[s[x1] s[x2]] EV[s[x4] 1)
4 2 2 2

caselb= 12 sig + 24 sig G[0] + 8 G[0] - 24 sig G[-x3 + x4] -

2 2 2
> 24 G[0] G[-x3 + x4] + 4 G[-x3 + x4] + 4 (G[0] + 2 G[-x3 + x4] )

4 2 2 2
case2b= 6 sig + 12 sig G[0] + 6 G[0] - 8 sig G[-x1 + x3] -

2 2
> 6 G[0] G[-x1 + x3] + 2 G[-x1 + x3] + 4 sig G[-x1 + x4] +

2 2



> 2 G[-x1 + x4] - 8 sig G[-x3 + x4] - 6 G[O] G[-x3 + x4] +

2
> 2 G[-x3 + x4] - 2 (2 G[-x1 + x3] G[-x1 + x4] + G[0] G[-x3 + x4]) +

> 4 (G[0] G[-x1 + x4] + 2 G[-x1 + x3] G[-x3 + x4]) -
> 2 (G[0] G[-x1 + x3] + 2 G[-x1 + x4] G[-x3 + x4])
4 2 2 2
case3b= 6 sig + 12 sig G[0] + 6 G[0] + 4 sig G[-x2 + x3] +

2 2
> 2 G[-x2 + x3] - 8 sig G[-x2 + x4] - 6 G[0] G[-x2 + x4] +

2 2
> 2 G[-x2 + x4] - 8 sig G[-x3 + x4] - 6 G[O] G[-x3 + x4] +

2
> 2 G[-x3 + x4] - 2 (2 G[-x2 + x3] G[-x2 + x4] + G[0] G[-x3 + x4]) -

> 2 (G[0] G[-x2 + x4] + 2 G[-x2 + x3] G[-x3 + x4]) +
> 4 (G[O] G[-x2 + x3] + 2 G[-x2 + x4] G[-x3 + x4])
4 2 2 2
casedb= 4 sig + 8 sig G[O] + 4 G[0] - 4 sig G[-x1 + x2] +

2 2
> 2 G[-x1 + x3] + 2 G[-x2 + x3] -

2
> 2 (G[0] G[-x1 + x2] + 2 G[-x1 + x3] G[-x2 + x3]) + 2 G[-x1 + x4] +

2
> 2 G[-x2 + x4] - 2 (G[0] G[-x1 + x2] + 2 G[-x1 + x4] G[-x2 + x4]) -

2
> 4 sig G[-x3 + x4] - 2 (2 G[-x1 + x3] G[-x1 + x4] +

\%

G[0] G[-x3 + x4]) 2 (2 G[-x2 + x3] G[-x2 + x4] +

\%
+

G[0] G[-x3 + x4]) 4 (G[-x2 + x3] G[-x1 + x4] +

\%

G[-x1 + x3] G[-x2 + x4] + G[-x1 + x2] G[-x3 + x4])
4 2 2 2
caselc= 12 sig + 24 sig G[0] + 12 G[0] - 24 sig G[pl - 24 G[0] G[p] +



2
> 12 G[p]
4 2 2 2
case2c= 6 sig + 12 sig G[0] + 6 G[0] - 16 sig G[p]l - 16 G[0] G[p] +

2 2 2
> 12 G[p] + 4 sig G[2 p] + 4 G[0] G[2 p] - 8 G[p] G[2 p] + 2 G[2 p]
4 2 2 2
case3c= 6 sig + 12 sig G[0] + 6 G[0] - 16 sig G[p] - 16 G[0] G[p] +

2 2 2
> 12 G[p] + 4 sig G[2 p] + 4 G[0] G[2 p] - 8 G[p] G[2 p] + 2 G[2 p]
4 2 2 2
cased4c= 4 sig + 8 sig G[0] + 4 G[0] - 8 sig G[p] - 8 G[0] G[p] +

2 2
> 4 G[p] + 8 G[-x1 + x3] - 8 G[-x1 + x3] G[-x2 + x3] +

2
> 2 G[-x2 + x3] - 8 G[-x1 + x3] G[-x1 + x4] +

2
> 4 G[-x2 + x3] G[-x1 + x4] + 2 G[-x1 + x4]



Appendiz D. SSF SNR Results for DIMM Geometry H-WFS



\ 0 w § mb
8\ al/’1 m a/+a| e o o} %| %a
0 § mb
o 9 {oo }oal' oo la/+al o ‘d
/ 0 b Ta/+al
. %9 {oo }oal/'1 yooc /el o 'a
/ 0 b Ta/+al
o Y }oof /70 {o0 }ooa/'r o ‘d
/ 0 b Ta/+al
o Y }of /70 {o0 }ooa/'r o ‘d

Q)




I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° @ .
uT . D, .°
o

Ly/D 00

8

i |

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N

g ()

p . D, . «a .
o]
UT . D, .

2
Un

Ly/D 00




Lo/D
—1
--5
10
— - 100
o 00
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° @ .
uT . D, .°
2
o/ s
Ly/D 00
Ly/D
—1
-5
10
- 100
o 00
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° @ .
UT . D, .°
2
o/ s
Ly/D 00



Lo/D

— - 100
00

/ s

Ly/D

—-— 100

o

o0

20 30 40 50 60 70 80 90 100

10

SY

al s

Lo/D



s : : b Lo/D
6 1 |—1
--5
5 i 10
—-— 100
o o0
4+ 4

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
p . D, . «a .
o]
uT . D, .
2
on/ s
Ly/D o0
8
7k q Ly/D
—1
--5
10
—-— 100
o 00

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
p . D, . «a .
o]
UT . D, .

2
o/ s



B Lo/D
—1
-~ 5
10
—-— 100
o o0
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° @ .
UT . D, .°
2
on/ s
Ly/D 00
8
7 Ly/D
—1
-5
10
— - 100
o 00
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, .
2
onl s
Ly/D 00



I I I I
0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, . °
2
Tn/
Ly/D 00
8
i |

10 20 30 40 50 60 70 80 90 100

=y
S
(o]

Q

Lo/D

—-— 100

o o0




s : : b Lo/D
6 1 |—1
--5
5 i 10
—-— 100
o o0
4+ 4

10 20 30 40 50 60 70 80 9 100
N
N
) . D, . ° « .
UT . D, . °
2
Un/ s
Ly/D 00
8
- b Ly/D
6 1 l—1
--5
10
- - 100
[¢] o0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
[e]
UT . D, .

‘7721/ s



7F 1 Lo/D
—
-- 5
10
~ — 100
o o0
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
Un/ s
Lo/D
8
- b Ly/D
—
-- 5
10
~ - 100
[} 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
on/ s



0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, . °
2
Tn/
Ly/D 00
8
i |

10 20 30 40 50 60 70 80 90 100

Lo/D

—-— 100

o o0




s : : b Lo/D
6 1 |—1
--5
5 i 10
—-— 100
o o0
4+ 4

N
N
) . D, . ° « .
UT . D, . °
2
Un/ s
LO/D o0
8
- b Ly/D
6 1 |—1




I : : 7 Ly/D
6 1 |—1
--5
10
— - 100
o o0
N
N
) . D, . ° « .
UT . D, . °
2
Un/ s
LO/D o0
8
- b Ly/D
6 1 |—1

‘7721/ s



8
7L — Lo/D
6 1 |—1
--5
10
— - 100
O 00
N
N
pd [¢]
0 . D, . .
UT . D, . °
2
Un/ s
LO/D o0
8
7k q Ly/D
6 1 |—1




7 — Lo/D
6 1 |—1
-~ 5
5- i 10
—-— 100
o o0
4k i
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
Un/ s
Ly/D 00
8
- b Ly/D
—1
--5
10
— - 100
o 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
onl s
Ly/D 00



Lo/D
—1
-~ 5
10
—-— 100
o o0
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
Un/ s
Ly/D 00
8
Ly/D
—1
--5
10
—-— 100
o 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
onl s
Ly/D 00



10 20 30 40 50 60 70 80 90 100

Ly/D 00

10 20 30 40 50 60 70 80 90 100

Lo/D

—-— 100

o

00

—-— 100

o

o0




7 — Lo/D
6 1 |—1
-~ 5
5- i 10
—-— 100
o o0
4k i
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
Un/ s
Ly/D 00
8
- b Ly/D
—1
--5
10
— - 100
o 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 90 100
N
N
) . D, . ° « .
UT . D,
2
onl s
Ly/D 00



7F 1 Lo/D
—
-- 5
10
~ — 100
o o0
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
Un/ s
Lo/D
8
- b Ly/D
—
-- 5
10
~ - 100
[} 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
on/ s



I I I I
0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, . °
2
Tn/
Ly/D 00
8
i |

10 20 30 40 50 60 70 80 90 100

=y
S
(o]

Q

Lo/D

—-— 100

o o0




s : : b Lo/D
6 1 |—1
--5
5 i 10
—-— 100
o o0
4+ 4

10 20 30 40 50 60 70 80 9 100
N
N
) . D, . ° « .
UT . D, . °
2
Un/ s
Ly/D 00
8
- b Ly/D
6 1 l—1
--5
10
- - 100
[¢] o0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
[e]
UT . D, .



7F 1 Lo/D
—
-- 5
10
~ — 100
o o0
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
Un/ s
Lo/D
8
- b Ly/D
—
-- 5
10
~ - 100
[} 00
0 Il Il Il Il Il Il Il
10 20 30 40 50 80 9 100
N
N
) . D, . ° « .
T D,
2
on/ s



0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, . °
2
Tn/
Ly/D 00
8
i |

10 20 30 40 50 60 70 80 90 100

Lo/D

—-— 100

o o0




7+ 4 Lo/D
6 1 |—1
--5
5 i 10
—-— 100
o o0
4l ]
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
2 ]
UT D,
2
Un/ s
Ly/D
8
7k q Ly/D
6 1 —1
--5
5r i 10
—-— 100
o 00
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
2 ]
UT D,
2
onl s



T q Ly/D
6 1 |—1
--5
10
—-— 100
o o0
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
2 ]
UT D,
2
Un/ s
Ly/D
8
7k q Ly/D
6 1 |—1
--5
10
—-— 100
o 00
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
2 ]
UT D,
2
onl s



I I I I
0 10 20 30 40 50 60 70 80 90 100
N
N
) . D, . ° « .
UT . D, . °
2
Tn/
Ly/D 00
8
i |
ol |

10 20 30 40 50 60 70 80 90 100

Lo/D

—-— 100

o o0




T 1 02/
6 i |—o
-—--10
sl ] 20
—-—50
e |
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D
2
onl s
8
s 1 ol s
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D

U%/ s



ol s
—0
-- 10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
uT D, Ly/D
2
onl s
8
ol s
—0
- - 10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
uT D, Ly/D

U%/ s



ol s
—0
-- 10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
uT D, Ly/D
2
onl s
8
ol s
—0
- - 10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D

U%/ s



T 1 02/
6 i |—o
-—--10
sl ] 20
—-—50
s i
sl |
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D
2
onl s
8
s 1 ol s
6l 1 |—o0
-—--10
s | 20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D

U%/ s



T 1 02/
—0
-- 10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D
2
onl s
8
ol s
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
UT D, Ly/D

U%/ s



ol s
—0
-- 10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
-3, [e]
uT D, Ly/D
2
onl s
8
ol s
—0
- - 10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D

U%/ s



T 1 02/
6 i |—o
-—--10
sl ] 20
—-—50
s i
sl |
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D
2
onl s
8
s 1 ol s
6l 1 |—o0
-—--10
s | 20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D

U%/ s



T 1 02/
6 N —0
-—--10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D
2
onl s
8
ol s
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D

U%/ s



ol s
—0
-- 10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D
2
onl s
8
ol s
—0
- - 10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g [e]
uT D, Ly/D

U%/ s



T 1 02/
6 i |—o
-—--10
sl ] 20
—-—50
e |
sl |
ot |
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D
2
onl s
8
s 1 ol s
6l 1 |—o0
-—--10
s | 20
—--50
al |
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D

U%/ s



T 1 02/
6 i |—o
-—--10
sl ] 20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D
2
onl s
8
s 1 ol s
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g ()
0 D, « .
g o]
uT D, Ly/D



8
onl s
—0
---10
20
- =50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
5
0 D, « .
-3 o)
UT D, Ly/D
2
Un/ s
8
onl s
—0
-—--10
20
- =50

St

50 60 70 80 90 100

Lo/D



Lo/D

T 1 02/

6 i |—o
-—--10

sl ] 20
—-—50

s i

sl |

oL |

0 I I I I I I I I I

10 20 30 40 50 60 70 80 90 100
N
- o
0 D, «a
[e]
UT D,
2
onl s

8

s 1 ol s

6l i |—o
-—--10

s | 20
—--50

a |

0 Il Il Il Il Il Il Il Il Il

10 20 30 40 50 60 70 80 90 100
N
- o
0 D, «a
[e]
UT D,

U%/ s



Un ’ ’ 1 ol

6 1 |—o0
-- 10

sl ‘ ‘ i 20
- - 50

10 20 30 40 50 60 70 80 90 100
N
N
0 D, © @ .
oT . D, . ° Ly/D
2
onl s
8
7t : : 1o
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
N
0 D, © @ .
oT . D, . ° Ly/D

U%/ s



ol s
—0
-—--10
20
—-—50
0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
0 D, @ .
o D, © Ly/D o
2
onl s
8
ol s
—0
-—--10
20
—--50
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
N
) D, ° « .
o D, © Ly/D oo

U%/ s



ot /D

— 0.1
0.5

—--25
o 5

10 20 30 40 50 60 70 80 90 100

St
S
(o]

o]

<l

Lo/D

2
n S

T /D

— 0.1
0.5

—--25
o 5

10 20 30 40 50 60 70 80 90 100

=y
S
(o]

<l
o

Lo/D

U%/ s



7k B ot /D

Il Il Il Il Il Il Il Il Il
0 10 20 3 4 50 60 70 8 9 100
N
N
0 D, © @ .
7 o Lo/D
2
On s
D D
8
T+ B T /D
6 1 [—o1
-- 05
1
- -25
o s
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 3 4 50 6 70 8 9 100
N
N
7 D, ° o .
i ° Ly/D
2
Un/ §



ot /D
— 01
- 05
1
~ -25
o 5
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 9 100
N
N
0 D, © @ .
1 o Lo/D
2
onl s
D D
8
T+ B T /D
— 01
- - 05
1
~--25
o s
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 9 100
N
N
7 D, ° o .
i ° Ly/D
2
Un/ s
D D




7k B ot /D

Il Il Il Il Il Il Il Il Il
0 10 20 3 4 50 60 70 8 9 100
N
N
0 D, © @ .
7 o Lo/D
2
On s
D D
8
T+ B T /D
6 1 [—o1
-- 05
1
- -25
o s
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 3 4 50 6 70 8 9 100
N
N
7 D, ° o .
i ° Ly/D
2
Un/ §



ot /D
— 01
- 05
1
—-—-25
e} 5
—+ 10
0 Il Il Il Il Il
10 50 60 70 80 90 100
N
o
0 D, « .
g o)
U Ly/D
2
on/ s
8
T+ T /D
— 01
0.5
1
—-=25
o 5
+ 10

0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 9 100
N
N
7] D, @ .
it ° Ly/D
2
On / s




ot /D
— 01
- 0.5
1
—-—-25
e} 5
—+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
g [¢]
0 D, « .
g o)
U Ly/D
2
on/ s
8
7 B T /D
6 b — 0.1
0.5
1
—-=25
o 5
+ 10

™y
S
o]

<y
o
~
=
.
!

U%/ s




ot /D
— 01
0.5
1
—-—-25
e} 5
—+ 10
0 Il Il Il Il Il Il Il
10 20 50 60 70 80 90 100
N
o
0 . D, . « .
e d o)
U . Ly/D
2
on/ s
8
T+ B T /D
— 01
0.5
1
—-=25
o 5
+ 10

<l




ot /D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
g ()
0 . D, . « .
g o]
v Ly/D
2
onl s
8
T+ B T /D
6 7 — 01
- - 05
5L 1 1
—--25
o 5
+ 10

0 10 20 30 40 50 60 70 80 9 100
N
N
7] . D, . ° o .
it ° Ly/D
2
Un/ §
. D D




ot /D
— 01
- 05
1
~ -25
o 5
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 9 100
N
N
0 . D, . ° @ .
7 .o Lo/D
2
onl s
. D D
8
T+ B T /D
— 01
- - 05
1
~--25
o s
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 9 100
N
N
7] . D, . ° o .
i o Ly/D
2
Un/ s
. D D




7k B ot /D
61 b — 01
- —-05
1
- =25
o 5
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
- o]
0 . D, . «a .
g [e]
U . Ly/D
2
onl s
8
T+ B T /D
6 n — 01
- 0.5
5L 1 1
- =25
o 5
+ 10
0 Il Il Il Il Il Il Il Il Il
10 20 30 40 50 60 70 80 90 100
N
=g [e]
p . D, . «a .
g o]
U . Ly/D
2
Un/ s




8
s N 7
6 1 |—0
0 I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
0 D, © @ .
o] . D Ly/D oo
2
onl s

8

7 : @

6 1 |—0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
il D Ly/D
2
o/ s

<l

<l



10 20 30 40 50 60 70 80 90 100

5 . D Lo/D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



Il Il Il Il Il Il Il Il Il

0 10 20 30 40 50 60 70 80 90 100
N
N
) D, ° « .
|| . D Ly/D
2
onl s
v

8
7 : ¥
6 1 |—0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



10 20 30 40 50 60 70 80 90 100

5 . D Lo/D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



Il Il Il Il Il Il Il Il Il

0 10 20 30 40 50 60 70 80 90 100
N
N
) D, ° « .
|| . D Ly/D
2
onl s
v

8
7 : ¥
6 1 |—0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



10 20 30 40 50 60 70 80 90 100

5 . D Lo/D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



Il Il Il Il Il Il Il Il Il

0 10 20 30 40 50 60 70 80 90 100
N
N
) D, ° « .
|| . D Ly/D
2
onl s
v

8
7 : ¥
6 1 |—0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



10 20 30 40 50 60 70 80 90 100

5 . D Lo/D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



Il Il Il Il Il Il Il Il Il

0 10 20 30 40 50 60 70 80 90 100
N
N
) D, ° « .
|| . D Ly/D
2
onl s
v

8
7 : ¥
6 1 |—0

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



10 20 30 40 50 60 70 80 90 100

5 . D Lo/D

0 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
N
N
7 D, ° o .
| U] . D Ly/D
2
o/ s

<l



Bibliography

J. Opt. Soc. Am. A 13

Optical, Infrared, and Millimeter Wave Propagation Engineering 926

Propagation Engineeringl115

Radio Science 10
Statistical Optics

Publications of the Astronomical
Society of the Pacific 104

Applied Optics 20
J. Opt. Soc. Am.
66
J. Opt. Soc. Am. A 7
Progress in
Optics 19
Imaging through Turbulence
Astron.

Astrophys. 227

Laser Beam Propagation in Non-Kolmogorov Atmospheric

Turbulence
J. Opt. Soc.
Am. A 12
Optics Communication 115
Publications

of the Astronomical Society of the Pacific 107



J. Opt. Soc.
Am. 69

J. Opt. Soc. Am. 12
Sky € Telescope

Sky € Telescope

J. Opt. Soc. Am. A 8
Mathematica, The Student Book

Astronomy and Astrophysics 282



Vita



December 1996 Master’s Thesis

PERFORMANCE ANALYSIS OF A HARTMANN WAVEFRONT SEN-
SOR USED FOR SENSING ATMOSPHERIC TURBULENCE STATIS-
TICS

Toby D. Reeves
Captain, USAF

Air F Institute of Technol WPAFB OH 45433-6583
ir Force Institute of Technology, AFIT/GEO/ENG /96D-17

Dr. Brent Ellerbroek, PL/LIG
3550 Aberdeen Ave S.E.
Phillips Lab / LIG

Kirtland AFB, NM 87117-5776

Approved for public release; Distribution Unlimited

Atmospheric turbulence parameters, such as Fried’s coherence diameter, the outer scale of turbulence, and the
turbulence power law, are related to the wavefront slope structure function (SSF). The SSF is defined as the
second moment of the wavefront slope difference as a function of both time and position. Knowledge of the
SSF allows turbulence parameters to be estimated. Hartmann wavefront sensor (H-WFS) slope measurements,
composed of both signal and noise, allow the SSF to be estimated by computing a mean square difference of
H-WFS slope measurements. The quality of the SSF estimate is quantified by the signal-to-noise ratio (SNR) of
the estimator. This thesis develops a theoretical SNR expression for the SSF estimator. This SNR is a function
of H-WFS geometry, the number of temporal frames included in the estimate, the outer scale, power law, and
temporal properties of the turbulence. Spatial slope correlations are incorporated. Temporal slope correlations
are incorporated using Taylor’s frozen flow hypothesis. Results are presented for various H-WFS configurations
and atmospheric turbulence properties.
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Hartmann wavefront sensor, atmospheric turbulence sensing, signal-to-noise ratio,
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